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Abstract-Motivated essentially by their possible need in a fairly large number of physical and 
chemical contexts, Mavromatis and Alsssar [l] derived several associated Laguerre integral results 
by eliminating au unnecessary constraint used in an earlier paper on the subject by Mavromatis [2]. 
The main object of the present sequel to these recent works is to investigate and apply much more 
general families of integral formulas, involving products of two or more Laguerre polynomials, which 
have been considered in the mathematical literature rather extensively. @  2003 Elsevier Ltd. All 
rights reserved. 
Keywords-Laguerre polynomials, Orthogonality property, Generalized hypergeometric function, 
Noncentral Gamma distributions, Appell functions, Chu-Vaudermonde theorem, Degrees of freedom, 
Coulomb and oscillator systems, Quantum numbers. 
In the currently popular notations (see, for example, [3, Chapter V]), the Laguerre polynomi- 
als L?)(s) (of order Q! and degree n in z) are defined by 
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or, equivalently, by 
where, as usual, PFq denotes a generalized hypergeometric function with p numerator and q 
denominator parameters. These polynomials satisfy the following orthogonality property: 
xQ eP L~)(x)L~)(x) dx = 
(3) 
(%(a) > -1; m, n E NJO := N U (0))) 
where 6,,, is the Kronecker delta and N is the set of positive integers. Throughout this paper, 
we make use of the following general form of the relatively more familiar binomial coefficients: 
x 
0 
x .- r(x -t 1) 
P .- P(X-I-1+l)I%+l) = x-p ( > 
(&cl E Q, 
so that, obviously, we have 
x 
0 
= 1 and 
x 
0 
= X(X - 1). . . (X - n + 1) 
0 n n. I 
(n E N). 
Making use of a slightly different notation L:(x) for the so-called associated Laguerre polyno 
mials, where 
C;(X) = r(0 + n + l)Lt)(z), 
Mavromatis [2] evaluated the following integral involving the product of two Laguerre polynomi- 
als: 
Jrn 
xp e+ Lk)(x)L$f)(x) dx = 
m+a 
0 ( >( 
m n+P;p-l ryp+q 
> 
~~Fz(-m,~+1,~-/3+1;a+1,~---n+1;1) (4) 
(WP.) > -1; m,n E NO), 
where (and elsewhere in this paper) it is tacitly assumed that the various parameters involved 
are so constrained that no zeros appear in the denominator on the right-hand side. 
Subsequently, Lee [4] deduced the integral formula (4) as an easy consequence of a well-known 
(rather classical) result involving the product of several Laguerre polynomials (see, for exam- 
ple, [5, p. 260, Problem 2(ii)]; see also [6] for a probabilistic derivation of this general result, 
which is based mainly upon the moments of certain noncentral Gamma distributions). On the 
other hand, Lee et al. [7] considered a family of such integrals as (for example) in (4) involving 
products of Laguerre, Hermite, and other classical orthogonal polynomials, pointed out relevant 
connections of some of these integral formulas with various known integrals, and also investigated 
the computational and numerical aspects of the results presented by them (see, for details, [7]). 
In view of the potential for their usefulness in various physical and chemical contexts, Mavro- 
matis and Alassar [l] deduced many further special cases of the integral formula (4) without an 
obviously unnecessary parametric restriction by which Mavromatis [2] had earlier constrained (4). 
Here, in the present sequel to each of these recent works, we begin by recalling the following special 
case of the aforementioned general (classical) result: 
(5) 
(S(P) > 0; R(a) > 0; m,n E NO), 
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where F2 denotes one of the four Appell functions defined by (cf., e.g., [5, p. 53, equation 1.6 (5)]) 
O” (u)r+s(b),- (b’), xT Y’ F2 [a, b, b’; c, c’; x, y] : = c -- 
r,s=o (4. (4, ?-! s! 
= 2 (UMb)T ~ 2F1 (a + T, b’; c’; y) 5 
$“=O (4 
(6) 
(1x1 + IyI < 1; c,c’ q! z, := (0, -1, -2,. , . }) ) 
;;‘;I ;)Vu + r)lr(a) b eing the Pochhammer symbol or the shifted factorial, since (l)T = r! 
In vie; of the familiar Chu-Vandermonde theorem [5, p. 30, equation 1.2 (S)], 
(c - b)n 2Fl(-n, b; c; 1) = ___ 
(c)n 
@No; c$%>, 
a special case of (5) when ~1 = 0 readily yields the integral formula 
Jrn xp-l e--az L~)(Xx)L~~)(ax) dx = 0 (m_+a)(n+yyP$ 
.3F2 ( -m,p,p--P; a-t-l,p-P-n; 1 
(S(p) > 0; S(o) > 0; m, n E No) ,O 
> 
(7) 
(8) 
which is a known result recorded by (for example) Prudnikov et al. [8, p. 478, Entry 2.19.14.81, 
who indeed also gave a further special case of (8) [8, p. 478, Entry 2.19.14.151 when 
p=p+l and X=0(=1). 
As a matter of fact, this familiar further special case of the known result (8) is precisely the 
integral formula (4) h’ h w ic was proven, almost three decades before Mavromatis [2], by Carlitz [9, 
p. 339, equation (17)]. See also th e work of Srivastava [lo, p. 2111 in which the integral formula (4) 
was applied with a view to evaluating a certain integral involving the product of two Bessel 
polynomials. 
Carlitz [9, p. 3401 also gave the following symmetrical form of the integral formula (4) above 
(see also [7, p. 309, equation (15)]): 
Jrn xp e-” Lk)(x)L$)(x) dx = mfa-p-1 n+P--p-1 w + 1) 0 ( m )( n > 
~~F~(-m,-n,~+l;~-a-m+l,~-/3-n+l;1) (9) 
(S(p) > -1; m,n E NJ). 
Moreover, the following combinatorial series representation for the integral in (4) and (9) was 
given by Rassias and Srivastava [ll, p. 171, equation (19)]: 
xp eMx L~)(x)Lf)(x) dx 
@l(p) > -1; m,n E NO), 
which (for p = Q = ,f3) leads us immediately to the orthogonality property (3). 
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We now turn to a known multiplication formula for the Laguerre polynomials in the form [5, 
p. 261, Problem S(iii)] 
yk Ip(x) zF1(-72 + k,P + k + 1; o + k + 1; y). 
In light of the orthogonality property (3), by rewriting (11) in its equivalent forms 
w4=q;g (;)iL;%x)2Fl (-m+iT+j+l;a+j+l;;) (12) 
j=o 
and 
Q)(P) = 2 (;+f) (x>” @)(flx) 2F1 (-n + k, y + k + 1; /3 + k + 1; “) , 
u (13) 
k=O 
it is not difficult to deduce the following alternative form of the known result (5) with, of course, 
p=y+l: 
s 
Do 
x7 e--az L~)(Xx)L$f)(px) dx 
0 
qy + 1) md+n) 
= ar+l ‘z (“m+;)(::f.)(k:y) ($)” (14) 
.2Fl ( -m+k,y+k+l;u+k+l;~ 
> ( 
2F1 -n+k,r+k+l$+k+l;E) 
(S(y) > -1; L-R(u) > 0; m,n E No). 
At least two special cases of the integral formula (14) are worthy of note. First of all, by means 
of the Chu-Vandermonde theorem (7), a special case of (14) when ~1 = g yields (cf. equation (8) 
above) 
x-i e--ox Lg)(Xx)L;q7x) dx 
.2F1 ( -m+k,y+k+l;a+k+l;; 
> 
(R(y) > -1; R(a) > 0; m, 12 E No) ) 
which, for y = /3, reduces at once to the integral formula 
s 
O” xp ewuz L~)(Xx)Q)(ux) dx 
0 
(R(p) > -1; R(0) > 0; rn~n~0 (m,nEWo)). 
Second, by setting X = p = g in (14), we similarly obtain the integral formula 
(a - Y)m-k (p - Y)n-k 
(n - k)! 
(S(y) > -1; R(0) > 0; m,n E NO), 
(17) 
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which, for y = p, immediately yields 
I 
ryp+ 1) n+P (a-Pp)?n-?I 
0 
O” xp emuz L~)(ax)L$(ax) da: = up+1 
( > 
n 
(m - n)! 
(m(p) > -1; %(a) > 0; rnznz0 (m,nENc)). 
A &&her special case of (16) when p = cr can be written in the form 
I 
co 
xa epuz L~)(Xx)Lp(ax) dx = 
l?(a + m + 1) (u - A),-, A” . 
0 
ua+m+l 
(m-n)! 2 
(18) 
(19) 
(%(a) > -1; S(0) > 0; rngn20 (m,nENo)), 
which corresponds to the corrected version of an integral formula recorded by Prudnikov et al. [8: 
p. 478, Entry 2.19:14.10]. 
The integral formula (10) is precisely the same as (17) with 0 = 1. Its special case when 
p-a-mEN0 and p-P-nEN0 
was given by Morse and Feshbach [12, p. 7851. 
Finally, in the equivalent integral formulas (10) and (17), we set 
p=y=P+n-m+l (nzm-l?O; l,m,nENo) 
and we readily obtain 
(-l)m+n 
= (TP+“-m+z+l 
(20) 
(R(p)>-1; %(a)>O; nzm-120 (L,m,nENc)). 
The main results of Mavromatis and Alassar [l, p. 904, equations (5) and (lo)] happen to 
correspond to the special cases of (20) (with 0 = 1) when 
l=O and 1 = 1, 
respectively. The corresponding special cases (0 = 1; 1 = 0,l) of the following obvious conse- 
quence of (20) when n = m - 1 10 (I, m, n E IVc): 
M xp ePr L~)(ax)L$(ux) dx 
=(-l)lw+l) P.+m-l 
T( m-l 
(B(p) > -1; %(a) > 0; m - 1 2 0 (l,m E No)) 
(21) 
were also presented by Mavromatis and Alsssar [l, p. 904, equation (6); p. 905, equation (ll)]. 
Numerous further (known or new) consequences of these last integral formulas (20) and (21) 
can be deduced fairly easily. The details involved in these derivations are being left es an exercise 
for the interested reader. 
The parameter c in the integral formula (14), and also in its consequences such as (15)-(21), 
does not really offer an extra degree of freedom. Indeed, without any loss of generality, by 
appropriately setting 
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each of these integral formulas can be recast in a form independent of u. Nonetheless, the general 
result (14) (with at least two degrees of freedom introduced by the parameters X and /A) is very 
useful in physical contexts. Among other places, such general integral formulas its (14) arise when 
we obtain analytic matrix elements of moments between different states for Coulomb systems in 
which, unlike oscillator systems, the arguments of the Laguerre polynomials are different for 
st,ates with different principal quantum numbers. 
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